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Electrons in a Lattice with an Incommensurate
Potential
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A system of fermions on a one-dimensional lattice, subject to a weak periodic
potential whose period is incommensurate with the lattice spacing and satisfies
a Diophantine condition, is studied. The Schwinger functions are obtained, and
their asymptotic decay for large distances is exhibited for values of the Fermi
momentum which are multiples of the potential period.

KEY WORDS: Fermi systems; quasiperiodic potentials; renormalization
group.

1. INTRODUCTION

1.1. The Static Holstein model [P, H] describes a system of fermions
(electrons) in a linear lattice interacting with a classical phonon field. It is
obtained from a tight-binding Hamiltonian with neglect of the vibrational
kinetic energy of the lattice (an approximation which can be justified in
physical models as the atom mass is much larger than the electron mass).

The Hamiltonian of the model, if we neglect all internal degrees of
freedom (the spin, for example), which play no role, is given by

H= Y t ¥y, —u Y Yiv =2 Y o ¥ivs+3 ) o3 (11)

x,yed xed xed xeAd

where x, y are points on the one-dimensional lattice 4 with unit spacing,
length L and periodic boundary conditions; we shall identify 4 with
{xeZ: —[L/2]<x<[(L-1)/2]}. Moreover the matrix t,, is defined as
ty=0,,—(1/2)[6, ,,1+6,,_,], where 6., is the Kronecker delta.
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The fields ¢ * are creation ( + ) and annihilation ( — ) fermionic fields, satis-
fying periodic boundary conditions: y =y % ,. We define also yf =
ey e~ with x=(x,1), —f/2<t<p/2 for some f>0; on ¢ anti-
periodic boundary conditions are imposed. The potential ¢, is a real func-
tion representing the classical phonon field, of a form which will be
specified below (see §1.3). In (1.1) u is the chemical potential, and 1 is the
interaction strenght.

The expectation value of an observable @ in the Grand-canonical
state at inverse temperature f and volume A is given by <0)=
Tr[exp(—pH) O]/Trlexp(—pH)]. If O=T[Y¢ --- ¥ ¥y ---¥, ], where
T denotes the anticommuting time ordering operator, we get the 2n-point
Schwinger functions of the model.

The most interesting problem about the model (1.1) is to find the
minima with respect to ¢, of the ground state energy of the system E(¢),
in the thermodynamic limit. It is easy to show that all stationary points of
E(¢) satisfy the condition

@.=hp,, pe=lim lim {Yry7> (12)
B Lo

This equation has been rigorously studied, up to now, only in the case
of density 1/2 [KL, LM]. However, if p=lim, , , L~'Y_ p, is an irra-
tional number, there have been recently, starting from [AAR], some
numerical studies of the model, which led, through a strong numerical
evidence, to the conjecture that, for small coupling, the ground state energy
of the system E(¢) has a minimum for a potential of the form ¢, = @(2px),
where @(u) is a 2rn-periodic real function of the real variable 4 and p =np.

The conjecture has a physical interest to explain the properties of
strongly anisotropic compounds which can be considered as one-dimen-
sional systems; in such systems one finds a charge density wave incommen-
surate with the lattice, according to (1.2).

In this paper, we shall not study the minimization problem of E(¢),
but we shall analyze the properties of the two-point Schwinger function
Sy(x;y) =Ty ¥, >, for a suitable set of values of x4 and ¢, = @(2px),
with p/r irrational. [ Note that all the Schwinger functions can be expressed
in terms of the two-point Schwinger functions, as the interaction is
quadratic in the fermionic fields]. We shall do that by constructing a con-
vergent expansion for S,(x;y), that we hope will be useful in studying the
Eq. (1.2). :

In any case, this expansion allows to prove some properties of
S,(x; y), which are interesting by themselves; these properties imply known
results about the Schroedinger equation related to the model (1.1), but are
not a trivial consequence of them (see discussion in §1.6 below).
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1.2. As it is well known, the Schwinger functions can be written as
ower series in A, convergent for |4| <eg;, for some constant ¢4 (the only
trivial bound of &; goes to zero, as f— o). This power expansion is
constructed in the usual way in terms of Feynman graphs (in this case only
chains, since the interaction is quadratic in the field), by using as free
propagator the function

Trle T, ¥7)]

ghfx;y)=ghf(x—y) =

Tr[e~#]
1 ” ) e~ ek) e ~(B+r)ek)
= e —kix—y ——'—1 >0 - 1 <0
LkEZQLe {1+e"ﬂ“"" (e>0) = Term 17 )}

(13)

where H, is the free Hamiltonian (1=0),x=(x, Xo), Y=(), ¥), T=
Xo — Yo, 1{E) denotes the indicator function (1(E) =1, if E is true, 1(E)=0
otherwise), e(k)=1—cosk—pu and 9, ={k=2nn/L,neZ, —[L[2]<n<
[(L—1)/2]}:

It is easy to prove that, if x4 # yq,

e—ik~(x-y)

g (x—y)= lim 1 Y 14

M~ Lﬂ ke
where k=(k, ko), k-x=koxo+kx, D, =D, x Dy, Dy ={ko=2(n+1/2)
n/fneZ, —~M<n<M-1} and p is the Fermi momentum, defined so
that cos pr=1—px and 0 < pr<m [ M is an (arbitrary) integer].

Hence, if we introduce a finite set of Grassmanian variables {yf},
one for each of the allowed k values, and a linear functional P(dy) on the
generated Grassmanian algebra, such that

, —iky+cos pr—cosk

1

— + A 5 =
J B b b = LB b b =g e ek (Y
we have
1 k=g - Ut = oLy
7.2 ¢ o= P(@) Y7 ¥y =g"0xsy) (1)

D8

where the Grassmanian field , is defined by

1 .
+ 2: +ik-x 7
c ———— !pie_ (1‘ )
Lﬁ ke@,_.ﬂ g

822/89/3-4-12
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The “Gaussian measure” P(d}) has a simple representation in terms
of the “Lebesgue Grassmanian measure” diy ~ diy *, defined as the linear
functional on the Grassmanian algebra, such that, given a monomial

Q¢ —, ¥ *) in the variables Y, ¥,",

it QW ¥ )=TL ¥y ¥y,

otherwise (1.8)

av=anow=v1={
We have
P(dy) = {1;{ (Lﬂgrk)}exp { -3 (LB w;}dw— dp* (19)

Note that, since (g )= )?=0,e %% =1—zyFy;, for any
complex z.

By using standard arguments (see, for example, [NO], where a
different regularization of the propagator is used), one can show that the
Schwinger functions can be calculated as expectations of suitable functions
of the Grassmanian field with respect to the “Gaussian measure” P(dy). In
particular, the two-point Schwinger function, which in our case determines
the other Schwinger functions through the Wick rule, can be written, if
Xo # Yo, @s

[P(dp)e™ Ny

SHA(x;y) = lim TP e (1.10)
where
B2
YW=3 [ dxlio ] (111)
xed

If xo = ¥4, S&#(x; y) must be defined as the limit of (1.10) as x, — y, > 07,
as we shall understand always in the following.

Remark. The uitraviolet cutoff M on the k, variable was introduced
in order to give a precise: meaning to the Grassmanian integration (the
numerator and the denominator in the r.hs. of (1.10) are indeed finite
sums), but it does not play any essential role in this paper, since all bounds
will be uniform with respect to M and they easily imply the existence of the
limit. Hence, we shall not stress anymore the dependence on M of the
various quantities we shall study.
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1.3. We now define precisely the potential ¢ .. We are interested in
studying potentials which, in the limit L — oo, are of the form ¢ .= @(2px),
where @ is a real function on the real line 2z-periodic and p/z is an irra-
tional number, so that the phonon field has a period which is incommen-
surate with the period of the lattice. We also impose that @(u) is of mean
zero (its mean value can be absorbed in the chemical potential), even and
analytic in %, so that

)= 3 ¢.e™ | <Foe™ M, ¢,=0¢_,=¢} (112)

O#neZ

At finite volume we need a potential satisfying periodic boundary condi-
tions; hence, at finite L, we approximate ¢, by

we-ba2r
=Y ¢, (1.13)
n=—~[1/2]

where p, tends to p as L — oo and is of the form p, =n,=/L, with n, an
integer, relatively prime with respect to L. The definition of p, implies that
2np, is an allowed momentum (modulo 2x), for any n, and that the sum
in (1.13) is indeed a sum over all allowed values of &, except £=0.

If we insert (1.13) in the r.hs. of (1.11), we get

ie-Hry

Y= % Y APV o, (1.14)

n=—{L/2] ﬁkej,_ s

where p, =(p,, 0) and k + 2np, is of course defined modulo 2.

Let us now suppose that p=mp,, for some integer m > 1, so that the
&c " is small for k ~ +mp; . In this case (see (1.9)) there is no hope to treat
perturbatively the terms with n= +m and k near Fmp,, but we can at
most expect that the interacting measure is a perturbation of the measure

S 1S D Viram W om Vi J}

B, (dh) = Pldy) exp {zco,,, 2
kye 2 kel
’ (1.15) -

where 4" is a normalization constant and /_ is a small interval centered
in —pp, sosmallthat I_ nI, =, if I, ={k=k+2pgkel_}.

It is very easy to study the measure (1.15); in fact Py (dy)=
NV Ay dif exp[ —J(, )], where J(J, ¥) is a quadratic form, which can
be simply diagonalized, since it only couples Y, kel_, with |//;—‘+2mm.
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One can show that there is an orthogonal transformation from the
variables Y to new variables yF, such that, if I=71_ U, then

- 1 1
I, ) == {— S i1 [—iko+e(k)]

ﬁkoeg)/, Lk¢'1

1
=) x:x;[—ikow(k)]} (L16)

+
Lkel

where e(k) =cos p—cos k is the free dispersion relation, while E(k) is the
new dispersion relation near + p. E(k) is such that

E(k) sign(lk| — pr) 2 149, (1.17)

Note that pr is an allowed momentum, if mn, is even. In this case,
there are two eigenstates of the one-particle Hamiltonian 4., corresponding
to (1.16) with energy u, for A=0 (ie, of A, =1,,; see (1.1)); the coupling
removes the degeneracy and the corresponding interacting eigenstates have
energy p+ A,

Given a one-particle Hamiltonian 4,, (in the model (1.1) &, =
., — A, d,,) with spectrum X, we define as usual the spectral gap around
the level x4 in the following way:

A=inf{EeX: E>u} —sup{EeX: E<u} (1.18)

The bound (1.17) implies that the measure P (dy) is associated with a
one-particle Hamiltonian with a spectral gap 2 |1¢,,] + O(L ') around the
level u.

It is also easy to prove that the zero temperature density p~, defined
as the limit as §— oo of the finite § density, given by

1
plf=— lim ZZS"'/’(x,t;x, 0) (1.19)

T—0"

is independent of A, for the approximated model, and is given by
pt=pr/n=mn, /L. This follows from the previous calculations and from
the remark that p’ is equal to the number of eigenvalues lower than u of
the one-particle Hamiltonian plus half the number of eigenvalues equal to
4, divided by L; hence the two eigenstates that degenerate for A =0 (if they
are present) give the same contribution to p* for any value of 4, as well as
all the others, thanks to (1.17).

We shall prove that there is a diverging sequence of volumes L,, such
that the measure P(dy)exp[ ¥ ()] is a perturbation of P,(dy), for A
small enough, uniformly in i and B. In particular, we shall prove that there
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is a spectral gap of order |A¢,| around u, independent of i, if p,.=
mp, (mod 21).

‘We shall prove also that the density p*+# is a continuous function of
4 near 0, uniformly in 7 and §, as well as its limit as f— co. This result
implies that limy_, , p%#=p./r, independently of 4; in fact, at finite
volume and zero temperature, the density can take only a finite set of
values, hence it is constant if it is continuous.

In order to implement this program, one must face one main difficulty,
related to the fact that p, converges to an irrational number as L, — oo,
so that there are terms in the interaction (1.14), which are almost equal to
those included in the definition of P (dy), without being exactly equal.
These terms can not be simply included in the definition of P,(dy) and
make difficult to control the perturbation theory. This difficulty will be
cared by using the decreasing property of @, see (1.12), and a diophantine
condition hypothesis on p.

14. Denote by |« — 8]+ the distance on the one-dimensional torus
T' of o, €T, and, for x = (x, X,), ¥y = (¥, o) € R?, by |x —y| the distance

x— ¥l = /(x = ¥)*+ (x0— yo)*
Moreover, we define

dk .
Sixs 1) =g )+ [ s (1= /0]
e~ Kolxo— yo)
x ¢(k, x, o) $*(k, y, o) (1.20)

—~iky+ ek, o)
where
e iko(xy — vg)

—iky+elk)

g“’(x;y)=f(;52ﬁ(k)
o=A.p,,
e(k, o) =[1~cos(|k| — pr)] cos pp
+sign(|k| ~ p) /[sin(lk| — p) sin pr]*+0?
¢k, x, o) =e~*u(k, x, g)

u(k, x, o) = g'5ignk) ppx [cos(p;x) \/l - -
J(sin

sign(lk| —ps) o
(Ik] = pg) sin pp)* + 62
sign(lk| - pr)a }

J(sin(Jk| = p) sin pp) + o2
(1.21)

—isign(k) sin{ppx) \/1 +
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and fl(k) denotes a cutoff function with support far enough from the two
singular points k= (+ pg, 0), see (2.4) in Sec. 2 for a precise definition.
Note that S,(x;y) is essentially the two-point Schwinger function of
the approximate model (1.15).
In order to make precise the claim made before that the measure
P(dy) exp[ ¥ (¥)] is a perturbation of P,(dyr), we shall prove the following
theorem.

Theorem 1. Let us consider a sequence L, ieZ*, such that

lim L,= oo, lim p, =p

i— o0

and let S“%#(x;y) be the Schwinger function (1.10). Suppose also that
there is a positive integer m such that pp=mp, (mod 2x), ¢,, #0 and p,,
satisfies the diophantine condition

L,
12np, i 2 Co n| ™7,  V0#neZ, |n| s—zi (1.22)

for some positive constants C, and 7 independent of i. Then there exists
g >0, such that, if Ae R and |1| <¢,, the following sentences are true.

(i) There exists the limit S(x; y)=limg_ , ;. » Stef(x;y)
(i1} S(x;y) is continuous as a function of 1; moreover, if we write

S(x;y)=8(x;y)+ASx(x;y) (1.23)

there are three constants K, K,, K; and, for any N> 1, a constant C,,
such that, if [x—y| > K, |o| 7!,

S0V IS 06 DI SK ol ety (129)
while, for |x—y| <K, |o|~", one has
1S,(%; Y S Ko(1+ [x=yD ™ (1.25)
Finally, for any |x—y|, one has
ISi(x; y) — g(x; y)| <K |o] log(la] '+ 1) (1.26)

where g(x;y)=limg_ ;.. g5 (X5 y).
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(i) For any i, the density p“#, given by (1.19), is a continuous
function of 4, uniformly in f, as well as its limit as §— 0.

(iv) For any i, there is a spectral gap 4 > |o|/2 around pu.

1.5. The above theorem states that, if in the infinite volume limit the
Fermi momentum is a multiple of the period of the potential ( p=mp) and
p/m is an irrational number verifying a diophantine condition, then the
two-point Schwinger function decays faster than any power if |x —y|>
K;lo|™', while it decays as the free one (1=0) for |x—y|<
c[lo]log(lo| =" +1)]~", for a suitable constant c. The last claim follows
from (1.21), (1.25), (1.26) and the remark that g(x) decays as 1/|x| for
|x| — 00, in the sense that lim sup - o, |xg(x)| >0.

The region where the behaviour for |x| — co is x| ™' enlarges taking
larger and larger m. As the points of the form mp are dense on T', very
small changes in the Fermi momentum (related to changes of the density
of the system) can correspond to very different values of m, and so to very
different asymptotic behaviour of S(x;y) (one can pass for instance with a
very small difference in p, from a situation in which the faster than any
power decay is observable to a situation in which it occurs at so large dis-
tances to become unobservable).

The fact that there is a spectral gap suggests that the large distance
decay is indeed exponential. However, this property does not follow from
our proof, because of the choice of the multiscale decomposition of the
propagator in terms of compact support functions, instead of analytic ones
(see Sec. 2). This other choice would be possible, but the proof would be
more heavy.

1.6. The infinite volume two-point Schwinger function is obtained
as the limit of S™#(x;y), when p, /r is a sequence of rational numbers
verifying the generalized diophantine condition (1.22) and converging to an
irrational diophantine number. A sequence with the above property is
constructed in Appendix 1, for any diophantine number.

Finally, by looking at the proof of Theorem 1, one can see that, if
there are sequences L,, py. r,=2mng; [L; p, suchthatlim,_, , L,=c and

L,
12np, 115 P F, L+l zColn| 77, VO0#neZ, In| <? (1.27)

for some positive constants C, and 7, then the two-point Schwinger
function is given by

S(x;y) = g(x; y) +ASa(x;y) (1.28)
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where g(x;y) is defined after (1.26) and

lg(x; Y, 1S:(x; y)| < (1.29)

— 4
1+ ix—yi
for some constant K,. However, since in this case the construction of a se-
quence of L;, pr. 1 , p,, verifying (1.27) seems to be much more involved, while
the renormalization group analysis, to which mainly is devoted this paper,
seems to be essentially the same, we prefer not to discuss this case here.

1.7. Systems of fermions on a lattice subject to a periodic potential
incommensurate with the period of the lattice are widely studied, starting
from [P], in which this problem was considered relevant to understand a
system of electrons in a lattice and subject to a magnetic field and was
faced by studying the spectrum of the finite difference Schroedinger equation

—Y(x+1)=y(x—1) + g ¥(x) = EY(x) (1.30)

where ¢ is defined as before. This problem is of course closely related to
the study of the spectrum of the Schroedinger equation

d*y(x)

xZ

+ A9 Y(x) = EY(x) (1.31)

where ¢ .= @(wx), e R? is a vector with rationally independent com-
ponents and @(u) is 2z-periodic in all its d arguments.

In fact in (1.30) there are two periods, the one of the potential and the
intrinsic one of the lattice, and this makes the properties of (1.30) and of
(1.31) (with d=2) very similar to each other.

The eigenfunctions and the spectrum strongly depend on A. For large
A there are eigenfunctions with an exponential decay for large distances;
this phenomenon is called Anderson localization (for details, see for
instance [ PF] and references therein). On the other hand, for small 4 and
for certain values of E, there are eigenfunctions which are quasi-Bloch
waves of the form e™&*y(x) with u(x) = a( px) for (1.30) and u(x) = i ®x)
for (1.31), @ being 2z-periodic in its arguments.

This was proved for (1.31) in [ DS], with the condition that there exist
positive constants C,, 7 such that

|@-n| = C, [n] 77, |k(E)+@-n|>Cynj~", V0#neZ? (1.32)

by using KAM techniques modulo some technical assumptions (like the con-
dition of large E) which were relaxed in [E]. An analogous statement



Electrons in a Lattice with an Incommensurate Potential 665

was proved for (1.30), with the condition [k(E)+npliv1=Cyln| ™" (see
Theorem 1 for notations), in [ BLT], by using essentially the same ideas as
in [DS].

The existence of quasi-Bloch waves for {1.31) with k(E) verifying
k(E)=3i®-nand |o-n|> C, |n| =7 was proved, together with the existence
of gaps in the spectrum, in [JM, MP] with some additional assumption
removed in [E].

Our results are in agreement with those contained in the papers
referenced above, but we think that they do not follow completely from
them. In particular, the properties of the Schwinger functions do not
seem to us a consequence of the known properties of the one-particle
Hamiltonian spectrum.

1.8. The proof of Theorem 1 is performed by using renormalization
group techniques combined with the diophantine condition (1.22). The
proof of the convergence of the perturbative series for the two-point
Schwinger function is similar to the proof of the convergence of the
Lindstedt series for the invariant tori of a mechanical system, [G, GM],
in which a notion of resonance is introduced and it is shown that, thanks
to the diophantine condition, if one subtracts the relevant part of the value
associated to the resonances (resonance value, see [GM] and Sec. 3.3
below), the resulting series is convergent. In the Lindstedt series the sum of
the relevant part of the resonance values is vanishing; this is not true in this
case, in which the relevant part of the resonance value is a running coupling
constant, in the renormalization group sense. However, here a different
mechanism still ensures the convergence of the perturbative series.

The paper is organized as follows. In Sec. 2 we introduce the multi-
scale decomposition of the propagators and set up the graph formalism,
which allows us to treat all contributions corresponding to graphs not
belonging to a certain class (graphs without resonances, see the definition
in Sec. 2.5); this will lead to Lemma 1. In Sec. 3 we show that a more
refined renormalization procedure (which consists essentially in changing
suitably the “Grassmanian integration” at each step of the renormalization
procedure) allows us to extend the result of Sec. 2 to all graphs (Lemma 2);
then the convergence of the effective potential follows. In Sec. 4 we study
the two-point Schwinger functions, with the same techniques of Sec. 3, and
we prove Theorem 1.

2. MULTISCALE DECOMPOSITION

2.1. In order to simplify the notation, in this section and in the
following one we shall not stress anymore the dependence on § and L=L,
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of the various quantities; in particular p; , g% #(x; y) will be written simply

as p, g(x;y).
It is convenient to decompose the Grassmanian integration P(dy) into
a finite product of independent integrations:

P(ady) = ﬁ P(dy™) (2.1)

h=hg

where hgy> — oo will be defined below (before (2.9)) This can be done by
setting

1 1
YiE =@ ¥, g= Y &P (22)
h= hﬁ =h
where V% are families of Grassmanian fields with propagators £’ which

are defined in the following way.
We introduce a scaling parameter y>1 and a function x(k')e

C=(T'xR), k' = (K, k,), such that, if |K'| =/kZ+ |k'| 2,

1 i K<ty =ay/y

W)=k ={) e 23)

where a, =min{pz/2, (x — p)/2}. This definition is such that the supports
of y{k—pr, ko) and y(k+ pg, k,) are disjoint and the C* function on
T!xR

Ji®)=1—x(k—pp, ko) =1k + pr, ko) (24)

is equal to 0, if || |k| — pr| 2 + k3 < 12,
We define also, for any integer A <0,

Sl&) =x(y~"K) =y~ 1K) (2.3)

we have, for any /<0,
0 -
x(K)= 3 fulk)+x(y"K) (2.6)
h=h+1

Note that, if A<0, f(k')=0 for |k'|<tyy"~' or [K'|>t,7"*!, and
fuK')=1 for [K'| =¢,9".
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We finally define, for any A <0,

Fuk)= filk = pr, ko) + fulk + pr, ko) (2.7)
g = Ju(k) (2.8)

" —ikg+cos pp—cosk

The label £ is called scale or frequency label. A

Note that, if ke 9, ,, then |k,| > n/f, implying that f,(k) =0 for any
h<hg=min{h: t,y"*' >n/B}. Hence, if ke 9, g, the definitions (2.4) and
(2.7), together with the identity (2.6), imply that

I= 3 fuk) (29)
h=hﬁ

The definition (2.7) implies also that, if <0, the support of Fu(k) is
the union of two disjoint sets, 4,5 and 4, . In 4;F, k is strictly positive
and |k— prllni<aoy"<a,, while, in A4, ,k is strictly negative and
Ik + pell vt < agy”. Therefore, if h <0, we can write "' as the sum of two
independent Grassmanian variables ¥{** with propagator

k, w

[ Py ™)y o W5 = LB 6y, sy B (K1) (2.10)
so that
YWE= @ yPE, = Y %K) (2.11)
w= %1 ) w= %1
E0(k)= Owk) fi(k) (2.12)

—iky+cos pp—cosk

where 6(k) is the (periodic) step function. If wk >0, we will write in the
following k =k’ + wp, where k' is the momentum measured from the Fermi
surface and we shall define, if 1 <0,

Suk')

—iky+vowsink’ + (1 —cos k') cos pp

EV(K)=gP(k) = (2.13)

where v, =sin pg.
In order to simplify the notation, it will be useful in the following to
denote g{!) also as g{"(k’), with k=k' + pf.
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It is easy to prove that, for any 2<1 and any w,

g2 < Goy ™" (2.14)

for a suitable positive constant G,, depending on p, and diverging as

a, - 0.
In the following we shall use also the definitions

h
¥ 0, 850K =} §J(K)

J=hy J=hg
h h
< j g<h) — gt
YLz = @ gy, g5 =Y g (2.15)
i=hg I="

Of course Y f =y{<"*, and g, = §'<"(k).

2.2. The most naive definition for the effective potential “ at scale” h
is the following:

e"iu”(‘/"sl')“‘E":JAP(dl//“”'”) J. P(d![l“)) eﬂ./;(sn) (2.16)

where E,, is defined so that »"(0)=0.
If we define p=(p, 0) and p.=(pr, 0), ¥ (¥'<") can be written as

(1) L2 1 A {<sh+ (<l)—
’V(l// = )= Z L_ﬁ Z ;L(pn‘llk l/’k:r- 2np (217)
n=—[(L21 P ke, ,

with @, =0, see (1.12). Hence the effective potential on scale /<0 can be
represented as

mgglem ] R\l (<0 + oy (<h)—
V )(d/‘ - )) = Z EB z Wn (k)w k.\m k:— 2np, o' (218)
k

n=—{L/2] )

Note that here, as always in the following, the momentum k is defined
modulo 2x.

The kernel % (k) admits the diagrammatic representation in terms
of chain graphs described in Sec. 2.3 below. Note that a sum over the labels
w, @' could be introduced in (2.18), but it is useless as the labels w and '
are uniquely determined by the signs of & and k+2mp respectively:
o =sign(k) and ' =sign(k + 2np) (see comments after (2.12)).
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We shall study the convergence of the effective potential in terms of
the norm

[(L=1)2]
™= ¥ sup [# (k) (2.19)

n=—[L/2] keZ
where 2, ={ke g, ,: ZZ’=",9 Fiu(k) #0}.

2.3. A graph 9 of order ¢ (see Fig. 1 below) is a chain of g +1 lines
¢, £, +1 connecting a set of g ordered points (vertices) vy,..., v, 50 that 4
enters v, and £, exits from v,; ¢, and £, ., are the external lines of the
graph and both have a free extreme, while the others are the internal lines;
we shall denote int(3) the set of all internal lines. We say that v, <v; if v,
precedes v; and we denote v} the vertex immediately following v;, if j<g.
We denote also by Z, the line entering the vertex v, so that £, = £, I<igyg
We say that a line £ emerges from a vertex v if £ either enters v (£ =/,) or
exits from v (£ =2,).

We shall say that 3 is a labeled graph of order g and external scale h,
if § is a graph of order ¢, to which the following labels are associated:

» a label n, for each vertex,

« a frequency (or scale) label # for both the external lines and a
frequency label 4, > h+ 1 for each internal line, £ €int(3),

e a label w,= +1 for each line of frequency label /4, <0 and a label
w,= +1 for each line of frequency label 4,=1,

+ a momentum k,, =k =k'+w, p for the first line,
*a momentum k, =k+3; ., 2np=k'+3;.,2n;p+(0,—o,) pr
+ w,,p 5, for each other line.

Moreover, hy =min, .y, h, Will be called the internal scale or simply the
scale of 8.

A graph can be imagined to be obtained from g graph elements
(see Fig. 2), each of which is formed by a vertex with two emerging half-
lines (representing the first one a Y * field and the second one a ¢ ~ field),
by pairing the half-lines (contractions) in such a way that the resulting

Ty, Ny, Ty, Ny

v1 v2 v3 V4

Fig. 1. A graph of order g=4.
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Pn,

L 2

v

\
A 4

Fig. 2. A graph element.

graph turns out to be connected and only two half-lines remain non con-
tracted (the external lines of the graph). Each line arises from the contrac-
tion of a half-line representing the ¢~ field of a vertex v with a half-line
representing the  * field of a vertex w: then the line is supposed to carry
an arrow pointing from v to w. We suppose also that a waving line emerges
from each vertex v: it represents the component §, of the phonon field.

For each line ¢/ we set k,=(k}, k,), and we associate to it a
propagator g\ (k).

The value of the graph is given by

vaio) = (T a0m ) T g0 () (220)

ve$ Z €int(3)

Let 7 ; denote the set of all labeled graphs of order ¢ and external

scale A, such that 3, o 2n,p=2np and —[L/2]1<n<[(L-1)/2]
Then we have, if ke 2,

Wik = 5 WK, W= T Vas) @2

h
g=1 8eT,,

Since the topological form of the graphs of order g is given (they are all
chains of ¢ vertices, see Fig. 1), the sum in (2.21) is over all the possible
assignments of the labels {n,} and {w,, h,}, with the constraint that

* 2oesh,=nmod L,

e h,2h+ 1Y/ eint(3), and

. w(=sign(k(), lfh(<0 and w,= +1, ifh/'—: l.

Note that k, =k, +2n,p. The constraint on w, arises from the

comments after (2. 18) it will disappear in Sec. 3, where new graphs will be
introduced in which also “non diagonal” propagators will be allowed.

24. Given a labeled graph 3, we can consider a connected subset of
its lines, T, carrying the same labels they have in 3. If the external lines of
T (that is the lines that have only one vertex inside T') have frequency
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labels smaller than %,, where i, denotes the minimum between the fre-
quency labels of its internal lines (i.e., the lines with both vertices inside T),
we shall say that T is a cluster of scale h;. An inclusion relation can be
established between the clusters, in such a way that the innermost clusters
are the clusters with the highest scale (minimal clusters), and so on. Note
that 3 itself is a cluster (of scale Ag).

Each cluster T has an incoming line /% and an outgoing line /5; we
set 2npp =k —k,i , so that np=3,. rn,. The maximum between h,; and
h,o will be called the external scale of T. If a line £ is internal to a cluster
T, we write £ T.

Given a cluster T we introduce the following notations.

(1) We call T, the collection of internal lines in T which are on scale
hr (ie., the lines £ € T such that 4, =h;), and denote by L, the number of
elements in T,,. We denote also by g, the number of vertices inside T; of
course gr= Lo+ 1.

(2) Let Dy be the depth of the cluster defined recursively in the
following way: Dr=1, if T is a minimal cluster, and D,=1+
max; . Dy, otherwise. We shall denote 7,(3) the family of all clusters of
depth D contained in 9.

(3) We say that a vertex v is in Ty, ve Ty, if ve T and there are no
other clusters inside T containing v. We define M’ the number of vertices
in T,.

(4) We call M the number of maximal clusters strictly contained in
T; of course M)+ M'? —1 = L. Define also My=MP + MP.

(5) We say that a line ¢ intersects a cluster T (/ nT# ), if £ is
either internal or external to T.

2.5, Definition (Resonances). Given a labeled graph 9 and a
cluster ¥ contained in &, we say that ¥ is a resonant cluster of 3, if the
momenta measured from the Fermi surface of the incoming and of the out-
going lines are the same, ie., kj; = k.. We define resonant vertex a vertex
v with k, =k, and h,,h, <0. We call resonances the set of resonant
clusters and resonant vertices .

Note that, if V' is a resonance, |h, —hs| <1, as a consequence of the
definition above. Moreover, if k| + @, pr and k% + w,p are the momenta
of the incoming and outgoing line in a cluster or a vertex, the momentum
conservation says that

ki—ky+(w,—w,) ppt+2np=0 (2.22)

where n=n, for a cluster V and n=n, for a vertex v.
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In the case of a resonance k' =k3 so that
(@ —w;) pp+2np=0 (2.23)

which can be verified only in two cases, if pr=mp for some integer m, as
we shall suppose from now on:

{(l) Wy =0w,, n=0
2) wy=—w,y, n=-—0mMm

(2.24)

(resonance conditions).

We say that in the first case we have a y-type resonance, while in the
second case we have a o-type resonance. Note also that there is no reso-
nant vertex of v-type, since ¢,=0, (see (1.12)).

2.6. Lemma 1. If #" (k) is defined as the sum in the rhs. of

n g

(2.21), restricted to the family of graphs without resonances, then, if y > 27,

sup |7 (k)| < (JA] B))? e~ P (2.25)

ke P,
for some constant B;.

The proof of Lemma 1 is in Appendix 2, Sec. A2.2.

To obtain a bound like (2.25) also for graphs with resonances (and so
for all graphs), a more refined procedure is required, which next section
will be devoted to.

3. RENORMALIZATION

3.1. We introduce a localization operator £, which acts on the effec-
tive potential in the following way:

1
[ (<h)+ (<h)— ("’
=4 {Lﬁ Z l/,k’+m|p,,-,m|‘//k'+mzpr+2np, mZWn (k +w1P1-‘)
k’eQ,_.ﬂ
1
— (sh)y+ (<h)— (m)
_5((1:,—(1)2) pF+2np,0LB Z 'llk’-f-m]pf, (I;,‘pk’+(1)2pp, (I)ZWn (wlpF)
K

s G.1)

Note that k' =0 is not an allowed value, but # (k' +w,py) is a well
defined expression for any real values of k’, so that # "(c,p) is well
defined.

The effect of this operator is to “isolate” the problem connected to the
resonances, in order to treat it separately in a way that we shall discuss
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below. We say that L¥ ")(<") is the relevant part (or localized part) of
the effective potential # W(y! <M,

We perform the integration P(dy) in the following way. First we
integrate the field with frequency # =1 (ultraviolet integration), which can
be written, up to a constant,

Py ) =TT ay(+ dy-
k

xexp{———l— Y FrUK)[(—iko+cos pp—cos k)
LﬂkeQZL'ﬂ
X P+ (= ]} (3.2)

and we obtain 7 O(y<9) as a power series in A, convergent in the norm
(2.19), for |A| small enough, say |1| <&, by (2.25). Then we decompose
Y{<? as in (2.11), and we write, using also the evenness of the potential,

LV O =y, FO+5,FO (33)
where F{» and F'* are given by

1

A h <h)—
F‘V ) = Z l—,ﬁ Z lﬁ‘k’s‘l’ 30-;,:, w §('<+ (DI)F, (&3
w=t1"Pwea, ,
1 h By~
FP= Y 17 X V&G4 o (34)

w=+1 Lﬂ k'e@L‘p

with 4 =0. Note that, if |1] is small enough, by (2.25) there exists 4, such
that

50— 2@, < Ay |A]> 67 ™7, [vol <44 1AJ? (3.5)

We have to study
f P(dy=<°) """ (3.6)

where P(dy<?) is the Grassmanian integration with propagator

1

g($0)(x; y)___ Z E Z e—ik’~(x—y)e—i(mx—m’y)p,,.gifg?(k:)
w, o ==%1 k’e@,"ﬂ
EJK) =0, &85O K) 37)

822/89/3-4-13
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with
2O) = G &) Crie)= 3, fK)
@ —iko+ (1 —cos k') cos pp+vowsink’” T * for J
(3.8)
see (2.13), (2.15).
We write
1 ¢~ R
(<0)y LUyt _ (<0)y , 7Oy <0
[ Py =ye = [ Bap=ye (39)
where 4; is a suitable constant and, again up to a constant,
Py <™ =T] [1 dhSm,. odbiSin, o
k o==+1
exp { —- LL Y. Cok)[(—iko—(cos k' —1) cos pp+ wv,sink’)
w=+1 ﬁk’e@,_‘ﬂ
2 0= )W, A0, 1) (10)
with go(k’) = C; '(k')s and 7O =27 O +(1-2) ¥, if
LV O =y FO (3.11)
The r.hs of (3.9) can be written as
I = {0yl <0)
2 (-1 (0)) L 7Oyl <)
7 | P =) [ Py e (3.12)

where P(dy'<—") and P(dy'?) are given by (3.10) with Cy(k’) replaced
with C_ (k') and f 5 '(k') respectively, and <% replaced with (<~ and
¥'® respectively.

The Grassmanian integration P(diy<®) has propagator

g(O)(x; y) = Z e—i(mx—w’y) ppgig)w'(x; y) (3.13)

w, ' =%1

if

g0,(x; y) = [ By ) y O yior (3.14)
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is given by

1 ik’ ! - '
gou(XY) =75 L e TSRO TT (K)o
ﬂk'e@,_'ﬂ

where the 2 x 2 matrix To(k’) has elements

[To(K)]1, 1 =(—iko—(cos k' —1) cos pp+vysin k')
[To(k')]1,2= [To(kl)]z. 1= —oo(k')
[To(k')],, ,=(—iky—(cos k' —1)cos pr—v,sink’)

which is well defined on the support of fy(k’), so that, if we set

Ay(k') = det To(k')

=[—iky—(cos k' —1) cos pp]>— (vosin k') — [a,(k")1?

then

T&‘(k')=——1—(

[ro(k)], 0 [ro(k)], 2)
Ao(k’)

[to(k) 121 [ro(k)]22
with

[to(k) ] i =[—tko—(cosk’ —1) cos pr—vgsink’]
[ro(k)],, 2=[7o(k") ]2 s = 0o(K')
[to(k')]22=[—tko—(cosk’ —1)cos pr+vysin k']

We perform the integration

= 7 (0) y( €0 =lyls -1
Jp(dll,(O))e’V (WSO 2 o7 Y S0+ By

where E,=log | P(dy'”) exp{ ¥ ‘O(y®)}. We can write

Py V=yp-ly [ FC-Vgps (FD

675

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(321)

with suitable constants v_, and s _,, and, by following the same procedure

which led from (3.9) to (3.12), we have
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J'P(dw(s—n) PR )
=-—1—'[1‘3(dn//‘<‘”) e” Tl
M

=%f Py <) [ By =" e” =) (322)

where, up to a constant,

ﬁ(d‘//(s—l))

= - <-1)-
= H H dl// (k'<+ mlp) 1:-"’ dll/ =('<+ (:)p)l,, @
k

f w=#1

X eXp {— Y L Y C_(K)[(—ikg—(cosk'—1)
w=*+1 Lﬂ k'e@Lﬂ
X COS pr+ v, sin k')
x ll’;x'sé-_mlp):-m §:§+—:ulp)p-.—m -0 l(k’) ‘/l§i§+_")lp)fj‘”d/(kﬁ‘_")ll’)l-‘—:_“’]} (323)
with o_ (k') =04k’)+ C-{(k') s_; and
PV (D=y-ly_F-D (3.24)

The above procedure can be iterated, and at each step one has to
perform the integration

- 1 ¢« .
(<hyy v gyl<shy (Sh)\ 7 Iyt <hy -
[ prap=mye = [ Py =mye
1 ~ .
—_—— (sh-1) ) Tyl <hyy
—M'J’P(d!l/ )JP(d!ll )e
—_1. (<sh—1) -yl <h=1y 4L F
vz [ Pty =r-")e + o (3.25)

which gives o, _,(k') =0,(k') + C,; '(k’) 5, and defines the propagator

g"')(x; y) —_ Z ei(mx—w'y) ”Fgﬁf,',’,,,«(X; y) (3.26)

wo'=*x1
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with
g,(x; ) = [ Bldy™) wi i
e St 13 k3 I
and
[TWk)], =(—iky—(cos k' —1)cos pp+vgsink’)
[Th(k,)]l,2= [T,(K)]2 = —auk')
[Tyk')], ,=(—iko—(cos k' —1)cos pp—uv,sink’)
so that
~ 1 (k)]0 [%(k')]l,z)
T lk/ —
P = (rrenes T
where
[t(k)],, \=[—iko—(cos k'’ —1)cos pr—v,sink’]
[rak)]y, 2= [t4(k") ]2 1 = 04(K')
[tu(k)]s2=[—iko—(cos k' —1) cos pr+vysink’]
and

A K)=[ —iky—(cosk’ —1) cos pp]*> —(vosin k') —[a,(k')]?

We can define also
Y- vye— | B <h <h)— 1 (<h
gLhx; y) = [ Blay! <) yisn -yl

LY e K T (K o
L‘Bk'e-@l_‘ﬂ
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(3.27)

(3.28)

(3.29)

(3.30)

(331)

(3.32)

where the last identity follows from (3.23) (with % in place of —1) and

(3.25). Set

g~((:})',)(1)’(kl) =fh(k,)[Th_ l(k’)]m, '’ gixf:)(k') = Ch—l(k,)[TI;— ‘(k,)](o. '

(3.33)
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so that

1 ik’ ~ ’
golwy) =g X €T OTE LK)
k'ed; g

1 . 5 '
gixy)=gz T e TR
ﬂk'e@,ﬂﬂ

The localized part of the effective potential will be written as

(3.34)

PV P =yhy, F0 (3.35)
which defines the running coupling constants v,. Moreover
]
auk')= ) C;/(k')s; (3.36)
j=h

Note that, thanks to the definition of y(k’), see (2.3), if f,,(k’) #0, we have

0
o K)=CiiK)s,+ Y 5 (3.37)

j=h+1

Hence, by (2.5) and the second equation in (3.8), o,(k’) is a smooth
function on T'xR, such that o,(k')=X"_,s; for 0<[k'|<t,y* and
oi(K)=3X7_,, .5 for [K'|=aoy"; we define g, =37_,s;.

Note that

! k’ '
Re[A, (k') +0,(K')*]=—k;—4 sinz—I;—sin (pp-%- —2—> sin <pF—%> (3.38)

and pr+k'/2>0 on the support of f,(k’). Hence there is a constant G,
such that, on the support of f (k')
[4,(K') + o,k )?| = GEy* (3.39)
Let us now define, for any complex 4 with 4] <&,
h*=inf{h>hs: Gyy" 2 26},6=114,,] #0 (3.40)

and let us suppose that there exists g,<§&,, such that, for |A| <e¢, and
h>h*,

je<ioy k)| <36 (341)

such an assumption will be justified by Lemma 2, in Sec. 3.4.
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It follows that there exists a constant G, such that, for any &> A*,
180 (K <Gy~ (3.42)
and, if 4 1s real,

g (K< Gy~ (343)

w, '

Note that, if 4 is real, the factor 2 in front of & in the definition of #* could
be substituted with any constant, without loosing the bounds (3.42) and
(3.43).

Finally, since |s,{<|0,]+|6,,,]<36, it easy to prove that, for
Al <ep, h2h*,0<t<1 and any q,

d
= g Ak +q)| <G, K|y~ (3.44)

for a suitable constant G,, a bound which will play an important role in
the following.

3.2. The new effective potential ¥ can be written as in (2.18), by
substituting the kernel #” "(k) with a new kernel #° () (k), which admits
a graph representation in terms of new labeled graphs $ ,, the renormalized
graphs, which differ from the ones described in Sec. 2.3 in the following
points:

« there is no resonant vertex with n,= +m;

+ there are new resonant vertices with n, =0, produced by the renor-
malization procedure, to which we associate a label A,<0 and a
factor y"w, ;

at least one of the lines emerging from the resonant vertices with
label £, has frequency label %,, while the other has frequency label
h, or h,—1 (it is an immediate consequence of the renormalization
procedure and momentum conservation);
« the internal lines £’s carry two labels w',i=1,2;
« given a line ¢, the corresponding propagator is g"’{ ) (K%);

oy on
e on each resonant cluster V (including 3 itself, if it is a resonance)
the #=1— & operator acts;

« the conservation of the momentum measured from the Fermi surface
in each vertex gives the constraint

=K+ Y [2n:p+(0F —w}) prl (3.45)

bESY
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Then the second equation in (2.21) is replaced with

W(h)

R.nq

(k)= Y Val(8y) (3.46)

h
S2€7 20y

where I %, . 4 18 denotes the family of renormalized graphs of order ¢ and
scale h, such that 3,5, 21,p + 3/ cinyo (@} — ©7) pr=2np and —[L/2]
<n<[(L-1)/2], and Val($,) is computed following the rules listed
above.

3.3. The renormalization procedure allows us to improve the bound
of the graph values, and to extend Lemma 1 to cover also the case of
graphs with resonances. As an example, let us consider a resonant cluster
¥V, which does not contain other resonant clusters; we can associate to it
a resonance value

— ~(hg)

EUk) =11 &, (ki) (347)

leV

the lines ¢4, and /¢ have a momentum measured from the Fermi surface
(by the Definition in Sec. 2.5) k' =k} =kj;, and h=min,, v{h,} is the
scale of V. The effect of the localization operator is to replace £%(k’) with
LEK')=E%(0), so that the effect of the # operator is to replace Z% (k')
with

i
RZ(K) = Z(K) - E4(0)= [ de [1 :’{,(tk’)] (3.48)
o dt

Hence, by using (3.42) and (3.44), we can bound #Z=%,(k’) in the following
way:

IRERKN S T agG,Glv=yf—e T] y=* (3.49)

eV ZeV

where £5, is the external scale of V (see Sec. 2.4). Hence, with respect to the
unrenormalized bound, # produces an extra factor of the form y" %,
which can be used to compensate the lack of the small factor associated to
non resonant clusters, as a consequence of the condition (1.27).

Concerning the resonant vertices, the renormalization procedure
eliminated those with n,= +m, but introduced new resonant vertices with
n,=0. The new vertices carry a factor y”, which is a real gain in the power
counting, if one can prove that v, is uniformly bounded.

In fact the discussion can be generalized to graphs containing an
arbitrary number of resonances: all these improvements will be used in
Appendix 2, Sec. A2.3, to prove the following extension of Lemma 1.
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34. Lemma 2. If ¢,, #0 and y>27, there exists ¢, <&, such that,
for |A] <&, and A* <h <0, we have

sup {#° ), (K)| <(|A] By)Te &P (3.50)
ke 2, T
64— AP, | S A |A]2 e8P, [vpl < B; 4] (3.51)

for some constants B,, B, A.

Remark. Lemma 2 implies that the series defining the kernel of the
effective potential is convergent in the norm (2.19), uniformly in L=L,
and S.

4. THE TWO-POINT SCHWINGER FUNCTION

4.1./ In this section we define a perturbative expansion, similar to the
one discussed for the effective potential in Sec. 3, for the two-point
Schwinger function, defined by (1.10), which can be rewritten

S&A(x;y)= lim _Z L
V=T 067 06, M

xjp(d‘/,)evwnsdxw:w; +9740) . (4.1)
t=¢" =0

where | dx is a shorteut for 3. 4 {3, dxo, #;={ P(dy) e” and {¢ 5}
are Grassmanian variables (the external field), anticommuting with {y ¥ }.
Note that all objects appearing in the r.h.s. of (4.1), as well as the other
defined below, depend on L and S, but we shall not indicate explicitly this
dependence, in order to simplify the notation.

Setting ¥ =y <9 4V and performing the integration over the field
Y (ultraviolet integration), we find

SEP(x;y)

= li o §dxdyg VO yxiy) ]

._Mlinmwe X ¢, ¢ y

=¢~ =0

(42)

x 1 Py S0) oS dx@ U0+ 0o 00 O <O+ OO gy
A ’
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where = | P(dy(<0) e "),

WO <0, ¢) = [ dx dy(9 KP4 ) W40~ +90+ KP(x;y) 67)

(4.3)
ViOux; y) =g (x; y) + Ky(x;y) (44)
and
jdx dYX;‘H K;?l))_xm(x§ y) X(yz)—
[(L—1)/2] 1
-1 L—ﬁkegwKii’n’um,,,(k)x&”*xfizn., (4.5)

The kernels K;?n),' v, (k) can be represented as sums of graphs of the
same type of those appearing in the graph expansion of the effective poten-
tial 7%; the new graphs differ only in the following respects:

o if @ = ¢, the right external line is associated to the ¢ ~ field and the
graph ends with a vertex carrying no i¢, factor;

o if y(U'=4¢, the left external line is associated to the ¢* field and the
graph begins with a vertex carrying no A¢, factor;

Note that there is at least one vertex carrying a A¢, factor. The
propagators of the internal lines emerging from vertices without a A¢,
factor will be called the external propagators.

We have, in particular,

o [(L—-1)/2] 1 —ik-(x—y)+2in
KOxy)=Y Y ZM‘OZ’? ] > e Y +2impy yal(9)

q=3 n=—[L2] sev,, €2 p (46)

where Zf’;o is the set of all labeled graphs of order ¢ with two external
propagators, such that ¥, ,n,=n and Ah,=1V/; moreover, Val(9) is
obtained from (2.20) by adding the two external propagators.

It is very easy to take the limit M — «o”in (4.2). In fact, for M large
enough, the measure P(dy(<%) is independent of M; hence, the limit is
obtained by taking the limit as M — oo of the r.hs. of (4.4). The limit of
K,(x; y) is trivial; in fact each graph contributing to it behaves as 1/|k, |,
as ky, — o0, so that the sum over k, is absolutely convergent. On the con-
trary, the limit of g‘V has to be done carefully, since it involves a sum over
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ko, which is not absolutely convergent; however, by using standard techni-
ques, one can show easily that the limit does exist and, uniformly in L and
B, if Ixo— yol <B/2 and |x— y| < L/2,

Cy

T3y 4.7

g (x; y)l <

for any N >0 and suitable constants C,. Hence, from now on, we shall
suppose that the limit M — oo has been performed, but we shall still use the
same notation for g’ and K§,(x; y).

Equation (4.2) can be written

SEAx; y) =V ux; 9) + S9x; y) (4.8)
where
2 1
Oyo vy O (<0)
SO0 Y) = 5555 77 | P <)

% eS dx(¢:|/lif0)_ +'/li<0)+¢x—)ey/(0)(|/,( SO))+ WO)(./,(SO), ¢)I¢+ =0 (4.9)

42. We proceed now as in Sec. 3, using the same notations. We write

9? 1 ¢«
—_ (<0)
a¢: a¢y— '/T/ojp(dd/ )

x ed BT I Y S0 9T o 7 Oyl SOy 4 WOy <O, Plys g0 (4.10)

S5O(x;y)=

and decompose ¥ @ = #¥® 4 ¥, On the contrary, we do not split
W© into a relevant and an irrelevant part.
The integration over ¥ gives

2

o9 04,

x d X@TUE T g ST (=gt =) 4 =gyt -, 1P

) x+ v) = gdxdy¢;V‘f"(x;y>¢‘71_ B(dyt<-D
SO(x; ¥) e wlen o [ Bay=)

=¢~ =0

(4.11)
with
W=D, )= [ dx dy(g? K xy) W=D

FY DT KOG y) 67) (4.12)
Vi xsy) =g 0(x; y) + Ky (x; y) (4.13)
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The kernels K (m .y, (k) can be represented as sums of graphs of the
same type of those appearing in the graph expansion of the effective poten-
tial ¥(~1; the new graphs differ only in the following respects:

o if ¥*) = ¢, the right external line is associated to the ¢ ~ field and the
graph ends with a vertex carrying no i@, factor;

o if y''=¢, the left external line is associated to the ¢ * field and the
graph begins with a vertex carrying no i¢, factor,

« #=1 on resonances containing an external propagator (defined as
before).

e hy=0 for all graphs, if "' =y =4¢.

4.3. The above construction can be iterated and we find, for any
h*<h<g0,

SEA(x;y)= Z VEsx; y) +8M(x;y) (4.14)
W =h
where
S, ) = e [ Pyt <P)
04 0p, N,
xefd"(‘ﬁx wi<h)— wish)+¢;)e.,/-(h)w,(sh|)+ W(h)(v,(shb,¢)|¢+=¢_=0
(4.15)

WO R, §) = [ dxdy($F K, (% y) U=+ =0+ Ky (x;y) 67)
(4.16)
Vis(x;y)=g"+(x;y) + K§ly(x; ¥) (4.17)

The kernels K 0,4, (k) can be represented as sums of graphs of the
same type of those appearing in the graph expansion of the effective poten-
tial ¥"»; the new graphs differ only in the following respects:

o if y¥ = ¢, the right external line is associated to the ¢ ~ field and the
graph ends with a vertex carrying no A¢, factor;

o if y" =4, the left external line is associated to the ¢ * field and the
graph begins with a vertex carrying no i¢, factor;

« #=1 on resonances containing an external propagator (defined as
before);

o hy=h+1 for all graphs, if y'V'=x?=4¢.
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Let us now suppose that L=L,, ieZ*, so that the condition (1.22) is
satisfied. The integration over the field <™ can be performed in a single
step, since the covariance g{ <" satisfies the same bound as g!*”, see (3.42)
and (3.43). Then the functional derivatives in (4.1) give

0
St P(x;y) =;.Z;.. (87" V(x;y) + K% ¥)) + &< (x; y) + K (x5 y)
- (4.18)

where

K(I')(x* )_i [(L—zi)/2] L Z e_ik.(x—y)+2inpyval(3 )
s p X Y= 1B, 2

9=3 n=~[L/2) 3 es %} A €7,
A (4.19)

and J 4" is the set of all labeled graphs of order ¢ with two external
propagators, such that 3, .57, + 3/ cinusy (@2 — @} )p=n, and Val(3,) is
computed with the rules explained after (4.17). A similar expression is valid
for K</ (x;y), with g'<** in place of g/ *+".

All the functions appearing in the rhs. of (4.19) have the fast
decay property. In fact, as we show in Appendix 3, Sec. A3.1 and Sec. A3.2,
if |xo— yol <B/2, |x— ¥yl < L/2, we have, for any N2> 0 and suitable con-
stants Cy, independent of i and g,

Cymax{y", L'}
1+ " [x—y|¥

Cy |A| max{y", L~}
14" x—y|¥

lg"(x; ¥l < (4.20)

K (x; )l < (4.21)

Similar bounds are verified by K'</"(x;y) and g

(<h*)

44. We are now ready to prove Theorem 1. First of all, we note that
the rh.s. of (4.19) has a meaning also if we take the formal limit i — oo,
B — oo, (recall that L= L,), by doing the substitution

1 dk
3.2 |G

e

(4.22)

In fact the integral over k is well defined, since ke T' and k, belongs
to a bounded set, except in the case =0, and, for 7 =0, each graph con-
tributing to K{,(x;y) decays at least as |ko|~? for large values of |k,],
(see comments between (4.6) and (4.7)).
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The substitution (4.22), applied to (3.34), allows to define g'”)(x; y) in
the limit i > o0, §— o0, at least for A< 0. For A=1, one has to be careful,
since the integral over k, is not absolutely convergent. However it is easy
to prove, by using standard well known arguments, that the limit as i — oo
and of 8 — oo of g'')(x; y) is well defined for x, # y, and has the same dis-
continuity in x,= y, of the same limit taken on the free propagator (1.3).
We shall denote this limit, as usual, by doing again the substitution (4.22)
in the finite L and f expression (see again comments between (4.6)
and (4.7)).

The previous considerations suggest that, for A real and small enough,
there exists the limit

S(x; x)=ﬂlim St A(x;y) (4.23)
and that this limit is obtained by doing the substitution (4.22) in all
quantities appearing in the r.h.s. of (4.18). In Appendix 3, Sec. A3.3, we
shall prove that this is indeed the case.

We want now to prove that S(x;y) can be decomposed as in (1.23).
Therefore, we shall suppose that the substitution (4.22) has been done
everywhere. Note that the bounds (4.20) and (4.21) and the similar ones for
K§=(x; y) and g'<* are still valid, without any restriction on x, y and
y* in place of max{y”, L~'}.

If h<0, we can write

gM(x;y)=g"(x;y) +r”(x;y) (4.24)

where §#)(x;y) is obtained by g”(x;y), by substituting in (3.29) o ,(k’)
with e=s5,=41¢,,.

By proceeding as in the proof of (A3.3) and using (3.51), it is easy to
prove that, if |1] <¢, and A = h*, for any N=0,

Cy 4| 'Yh

Ir®(x; y)I <

where C,, here and everywhere from now on, denotes a generic suitable
constant, only depending on N. A bound similar to (4.25) is valid for
r{<F)x;y), if A is real.

By diagonalizing the quadratic form Y, .., e @~ @»er
[T; (k)] o> it is possible to see that

dk’

F(K,0) F.(—FK, —o)
n) *

A+B A—~B

£00;9) = [ G e ) | | @)
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where

ny(k,> G) = a(kl, X, O') a(k’a =Y, O’),

- 1 ~ o .
k', s = — B —_ C prx —ipgx
Fik x,0) /2_5[1/_7 ——

A= —iky+(1—cosk’)cos pg

C=v,sink’

Cl+a? (4.27)

We can rewrite the integral in (4.26) in terms of the k variable. Recall
that, if w =sign(k) and f,,(k’) #0, k = wp+ k' and k' = w(|k| — p). Hence,
if we write (recall that (k) denotes the step function),

{ny(k’, o) + F _(—K,o0)
A+ B A-B

: k') Fo(—k, —0) 6(—ok’
_ [ny(k,;j-)g(w ), Fol x _0])9( @ )] (4.28)

w==+1

it is easy to see that
(h) — —tk~(x—y)____f_"£5)___ iwpp(x — y)
x:y)= f(z 2 kg + ek, a)w;il Oleok) e
X[F (k' 0) 0(lk| — pr) + F (=K, —a) 0(— k| + pr)]
(4.29)
where

e(k, o) =[1—cos(|k| — p;)] cos pr+sign(|k| — ps) /v2 sin?(k| — p) + 6>
(4.30)

By doing some other simple algebraic calculations and by using (2.3),
we get

1
Y gP(x;y) + g (x5 y) = Si(x; ) + Sy(x: y)

h=h*+1
Si(x;y)=gM(x;y) (4.31)

e — olx0 — yo)
+ [ G L= A0 60k .0) 8k, =3 0) =
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where ¢(k, x, o) is defined as in (1.21), and, if 1e R, {4] <¢&;, we have

[ CNyh

15206 Y < 14 hgh. PR —— (4.32)
We now define
ASy(x; y) =S55(x; ) +h_§h‘ KP(x;y) (4.33)
then (4.21) and (4.32) yield
Seuyls T —al (434)

phe LHY N Ix—yIV

and the same bound can be shown to hold also for S\(x;y).

From (4.34) the bounds (1.24) and (1.25) follow. In fact, if 1<
Ix—y] <yG3(2 o)) ! (see (3.39) for the definition of G,) and h, > h* is
such that y ™"~ ! <|x—y| <y~ (4 34) gives, if N> 1,

hy—1 yh

C Cy
Syx; v C + 7 SYCy ST (435
I 2( y)| thhty hzh" Nh lx le y N 1+IX—'y[ ( )
On the other hand, if |x —y| = yG;(2 |a]) ™', (4.34) implies that
Cy o]
STy ol fx —y|¥
(4.36)

. C —(N—1)h —N+l
iSZ(X’ Y)l l IN;,Z;,cy <Ix lel l

provided that N> 1.
The proof of (1.26) is an easy consequence of the definition (3.26). In
fact, by proceeding as in Appendix 3, one can prove that

Coy™* [ "
< :
Ty a | et oS Coé (437

dk’
(2m)?

gM(x;y)— Il GIES

W= +l

A similar bound is valid for g!<"")(x; y); hence we have

ISi(x;y)—g(x—y)I < ZO: CoG < Co6 log(6™") (4.38)

h=nh*

The continuity of S(x; y) as a function of e R, |1] €¢,, is completely
trivial for A#0 and, in A1=0, immediately follows from (1.23), (1.24)
and (1.26).
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4.5. The proof of item (iii) of Theorem 1 is based on similar argu-
ments, applied to the finite L =L, and f case, but one has to consider more
carefully the contribution of the scales h<h, =min{h>hs (2n)/L>
a,y"}. In fact, for A <h,, one looses a y” factor in the bound analogous to
the bound (4.37), valid for finite L and B.

Note that S&A(x;y)— gL #(x;y), as well as its limit - oo, is
continuous as a function of x,— y, and that gV % #(x;y) is independent
of 4. Hence we can write, by using (1.19), (4.18) and (3.27),

prl=pgl— ) £4.(0;0)

h=h*+1,.,0,w0=%£1

— Y RP - Y gSE0,00-RUEY (439)

h=h*..,0 w=*%1

where K", | denotes the contribution with n=0 to the sum in the r.hs. of
(4.19), an analogous meaning has to be given to K| and pi’=
—lim, 4~ gV %40, 1;0,0) (it is bounded uniformly in f and has a well
defined limit as f— w0).

Note now that, if 2 < h,, the support of f,(k') is restricted to k' of the
form (0, k,). Hence, if pp=mn, n/L is not an allowed momentum, that is
if mn; is an odd integer, the support of f,(k’) is empty and gﬁ,';),,,(o; 0)=0;
if, on the contrary, p is an allowed momentum, the support is not empty,
but g’ (0; 0) can be expressed as the sum over k, of a function odd in k,,
hence it vanishes again. The same considerations apply to g{<2"(0;0), if
h* <h,. Moreover, there is a finite L and B version of the bound (4.37),
for h=h*, so that we have

0
2 X

£9.0:0)—— ¥ gi:«k')]

h=h*+1 w==*1 Lﬁ ke2, p
* 1 ~({ < h*
£ T |-z T AW
w=+1 Lﬁ ke@L‘p
0
< ) Cod < oG log(d ™) (4.40)
h=max{h*, hr}
Finally, we have, if h* <h,,
c h h* > h Mt 1 A }' 1
Y Rl +IREIISGI| 3 '+ T L7 <ol o8 |7
h=h* h=hy h=h*
(441)

822/89/34-14



690 Benfatto et al.

and a similar bound, without the factor log |A/L| ™", is verified, if A*>h,.

The bounds (4.40), (4.41) and Eq. (4.39) immediately imply that p*#
is a continuous function of 4 in A =20, the only point where the continuity
is not completely obvious.

4.6. We now prove item (iv) of Theorem 1. We first note that, at
finite volume L= L, and zero temperature, the two-point Schwinger func-
tion SX(x;y) can be written in the form

1 KLl _ dk )
SHx, 1;3,0)==Y Y e kxmnramy J Lok (k)  (4.42)
L% . S 2n
This follows from (4.18), by taking the limit f — co as in Sec. 4.4.

For t#0, S(x, t; y, 0) can be also expressed in terms of the spectrum
Z={E,,.., E;} of the one-particle Hamiltonian %, by the well known
equation, easily following from its definition,

xy?

SHx, 157,00 =222L Ty (x) ur(y)

2 riE=u
J, —lk()l
+ u{x)uX(y) — (443)
re EXr:#” lko""E -

where u,(x) is the normalized eigenfunction of 4,, with eigenvalue E,.
The fast decay in ¢ of SX(x, ¢; y, 0) implies that there is no eigenvalue
equal to u; hence, by comparing (4.42) and (4.43) with x =y, we get:

)

r

’ur(x)!z 1 [(L_Zl)/zl 2inp.
N LZC)) . 2§ (k) (4.44)
_lk0+Er—Au L kewy n=—[L1/2]

It follows that, in order to prove that there is a gap 4 = &/2, it is sufficient
to prove that the r.h.s of (4.44) is analytic as a function of k,, in the strip
{IIm ko | < 5/4}.

For any fixed real A small enough and k, real, the r.hs. of (4.44) can
be bounded by proceeding as in Sec. 4.5. The only difference is that there
is no integral over k,, so that we loose a factor y” in the contributions of
scale A. It is easy to see that

1 [(L—1)2]

1 1
- eSS (k 1<C (10 )
sz n=_2[,.m AR)| < Collog 7+ 7

We want to show that the same bound can be obtained, also if we
take k, complex, with |[Im k,| < /4. Of course, the expansion discussed
before is not suitable for such a task, since the cutoff functions f,,(k) are

(4.45)
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not analytic in k,. However, we can consider a different multiscale decom-
position, involving only the k' variables. It is sufficient to modify the
Egs. (2.3)-(2.8), by substituting everywhere k, k" and |k'| with k, k¥’ and
k'{lx1, respectively. Moreover Eq. (2.9) must be modified, by further
substituting f,(k) with x(y ~%(k — p£)) + x(y ~"(k + p£)).

The analysis of Sec. 2 can be repeated, without any problem, since the
bound (2.14) is still valid; in particular, Lemma 1 is still true. Also the
analysis of Sec. 3 can be repeated, but now one has to be careful when
bounding the contribution of a resonance, since the discussion leading to
the bound (3.49) is not valid anymore. The reason is that the factor |k’] in
the r.hs. of (3.44) is not of order "%, since k, is not constrained anymore
to be small by the support properties of the cutoff functions. We shall now
discuss how this part of the analysis of Sec. 3 has to be modified.

We first note that (2.14), (3.42) and (3.43) can be replaced by

12K < Gy | ~iko+7"] ™"
120K <G, | —iko+ 7| (446)
|BLE ) < Gy [ =g +77] 7!

while (3.44) becomes

G, [ K| L

d
5 Bk + q)‘ <

for a suitable constant G,, and (3.49) becomes

aszGgy—l

|2Z5(k) < Y 3

eV

U =ik + 7™ y"'V] : -
x| dt| —2—~— 41 —itky+ M| ! 448
[ae| mia+ 5| T —koe =0 aas)

where the second factor inside the square brackets can be bounded by the
first one.

At first sight, the bound (4.48) is not as good as the bound (3.49),
since we do not get the factor y**~%, which we claimed in Sec. 3 is
necessary to compensate, in the case of a resonance, the lack of a small
factor associated to non resonant clusters; even worse, the factor
| ~iko+ y*¥|/| —itky +7"| is not bounded. However, it is easy to see, by
using the first equation in (4.46), that the product of |#Z%(k')| by a
propagator of scale 4, is bounded as in Sec. 3.
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It follows that we can certainly bound the value of a graph 3, as in
Sec. 3, if it contains only a resonance, not coinciding with the whole graph
(so that there is at least one propagator external to the resonance). If 9,
itself is a resonance, but it does not contain other resonances, the previous
argument does not apply, but in this case the factor y*»~* was not used
in the proof of Lemma 2, see (A2.29); hence it is sufficient to bound
|2Z"(k")| by |E%(K’)| +]E%(0)| and the problem associated with the use
of (4.47) disappears.

In Appendix 4, we show that the previous considerations can be
generalized, in order to treat a general graph, so that we get a new expan-
sion of the effective potentials, satisfying the same bounds as before.

The analysis in Appendix 4 also shows that the bound (4.45) is still
valid, for k, real and 1 small enough. However, it is very easy to see that
it is valid also if we substitute everywhere k, with k, + i, |7] <6/4. In fact,
the dependence on k, is now restricted to the factor (—iky,+cos po—
cos k)~ ! in the definition of g¢'"(k) and to [T, '(k')]., - see (3.29). It is
very easy to see that g\'(k, ko + i) can be bounded as before, if 4 is small
enough, and the same is true for g’ (Kk’), because, on the support of
fa(k'), thanks to (3.38) and (3.41),

'

. Lk
[Re[ A,(K', ko +in) ]| = |Re[ A,(K', ko)1l — |n]* — 4 || cos ppsin? D)

>6%/8 + ¢y (1—c,6) (449)

with suitable constants ¢; and c,. It follows that the bounds (4.46), hence
the bound (4.45) too, are satisfied also for k, complex, if |Imk,| < /4.

APPENDIX 1. UNIFORM BOUND ON RATIONAL
APPROXIMATIONS OF DIOPHANTINE NUMBERS

Al.l. Let w be an irrational number such that 0 <w<1 and let
{p:/q.}, i=0, the sequence of its convergents, that is the sequence of its
truncated continued fractions. We have p,=1, go=[1/w]>1, hence
Po/qo > . We define, for i 20,

h+(x)=P2i+%2{;2'E—Zz—f (x—q2) f gx<x<qu.s
24242 (AL1)
h—(x)=p2i+l+w(x—q2i+l) if g1 SX< o3

92i+3—q2i+1
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Note that the graph of 4 (x){(h_(x)) is made by a sequence of segments
joining the points (q,;, p2;) and (92425 P2i+ 2)((G2i4 15 P2ist) and (gais,

D2i+3))
The well known properties of the convergents (see, for example, [D])

imply that

(a) h(xX)>wx>h_(x),¥x>q,.

(b) d.(x)=h. (x)—wx and J_(x)=wx—h_(x) are strictly
decreasing functions and lim, _, ,, J,.(x)=0.

(¢) If k,neN,n>q, and wn—k<0, then k—wn>=J_.(n), the
equality being satisfied iff k = p,;, n=¢q,;, i > 0; vice versa, if kK, ne N, n> g,
and wn—k >0, then wn—k>=J_(n), the equality being satisfied iff k=
Paivts P=G24 1,20

Al2. Lemma 3. Ifk,neN,i>2 and q,<n<gq,;/2, then

%min{5+("), 5_(n)}

n—'—klzé,l =

Al.3. Proof of Lemma 3. Suppose that i > 2 is even; the property (a)
implies that n(p,/q,) —k > nw —k, so that, by (c), Vk,neN,n>gq,,

no—k>0=>n2i_k>5_(n)

i

If no—k <0 and q, <n<gq,/2, we have, by (a), (b) and (c),

k= —nw+k—n <‘§i—w>>5+(”)—§‘(l7:—w‘1i)=

q; i i

1 1
=3.(1) = - 0.(a) >0.(n) =5 8.(2) >58.()

Hence, if i>2 is even and g¢,<n<gq,/2, |n(p;/q,)—k|=min{{d . (n),
d_(n)}. Analogously, if i is odd, one can show that, if ¢,<n<gq,/2,
[n(p:/q;) —kl >min{35 _(n), 6 ,(n)}. The claim of Lemma 3 immediately
follows from the previous remarks. ||

Al4. Lemma 4, If there exist ¢>0 and t>1, such that
lnw—kl=cen=", Yk,neN, n>0, then

1
5"25—’%, Ynz=q,
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AlS5. Proof of Lemma 4. The function 6 (x) is a convex function,
linear between g, and g, , ,; moreover

C
0.,(g2)=P2i—Wq2; Z—
2i

Since ¢x ™" is a convex function too, we have
¢
5.,_()()2;, Vx?q()

We can show analogously that J_(x)2cx "Vx>g, and Lemma 4
immediately follows from the definition of §,,. |

Lemma 3 and Lemma 4 immediately imply the following result.

Al1.6. Proposition 1. If there exist ¢>0 and 7>1, such that
lnw—klzen=7*,Vk,ne ¥, n>0, then, for any i>2,

n&—

q;

>_1__c._ lf <n<l
Z3 9= \zqi

By using Proposition 1, one can define the sequence of p“: verifying
(1.22) with C,=nc, by setting L, =gq,, p*i={(np./q,).

APPENDIX 2. PROOF OF LEMMATA 1 AND 2
A2.1. Let us consider the quantity % " (k) introduced in (2.21):

"W (k)= Y Val(9) (A2.1)

Seﬂ':q

where, if we denote by T the set of clusters contained in & (including 8),

R CUEED I R A (1 )
segh, LT {h} \einy(3)
Ry + oo +myg=nmod L

(A22)

can be rewritten as

L Va@= L 0., 3 T atm)
369',):"’ Rups s Py {hy} TeT \eTo
n,,|+-~~+m,q=nmodL

(A23)
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where the first product is over all the clusters contained in 9 (which are
uniquely determined by the frequency labels assignment), s, is the scale of
the cluster T and T, is the collection of lines inside 7 which are outside the
clusters internal to T (so that the last product is over the lines on scale 4,
contained in 7, see Sec. 2.4). Finally, we shall suppose that ke 2,.

A22. Proof of Lemma 1. The case g=1 is trivial. Let us suppose
that ¢ =2 and let us consider one of the graphs contributing to the sum in
the r.h.s. of (A2.3) and suppose that it satisfies the non resonance condition
assumed in the statement of Lemma 1; this means that there are neither
clusters nor vertices for which the resonance conditions (2.24) can occur.

We start by considering a cluster T'e Z7(9), that is a minimal cluster
(see Sec. 2.4). By (2.14) and (1.12), we have

(T . )(IT gt

veT ¢eT

<F? (L) Gyt (A24)
0

veT

where M‘? = M, as we are considering clusters with depth D,=1, (see
Sec. 2.4-for notations). If A, =1, the fact that the vertices are not resonant
gives no constraint on the values of n,. However, if 2,-<0, by the support
properties of f,(k’) and (1.22), we have, for any ve T,

2a0y" 2 |k}, — k| = 2n.p + (0, — 0, )pF|
={2n,p+(w, -, )mp| = Cy|n,| +m)~" (A25)

since 2n, +(w, —w, )m#0 by hypothesis. Hence, if we define C,=
(Co/2ap)"*, we have

n,| 2 Cry =" —m (A26)

The inequalities (2.14), (A2.4) and (A2.6) easily imply that, for any
TeJ\(9),

(e (11 8200

= (2) . -3 _ P YO | Py Yy
< GLA(F,C,) ¥ ( I1e¢ <3</4>w'>e 2% el “hrkrg =2 ea

veT

(A2.7)

where C, =max{e™/%, ¢7~"*/*} and we used the trivial bound ¥, |n,]
2 |ngl|.
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Next we consider a cluster Te Z(3), that is a cluster of depth D,=2.
Since A< 1, we can use again (A2.5) for any ve Ty; moreover, given a
cluster T'= T, since 2ny+ (w,2 — w,;) m #0, we have an analogous bound:

2a07"7> Ky —~Kig) > ColInrl +m)~* (A28)

where k,: are k,o are defined as in Sec. 2.4.
By usmg (A2 5) and (A2.8), it is easy to see that

(H e‘z"“""f'X‘H so)( Il g"'ﬂ(k',))
TeT veT, teT,

() = _ -4
< GLrF MY Cgl,( ] e~ w)e 274 |ngl

veT,

x [y~ hrhre =2~ MrCiyH"] (A2.9)

where we used the bound Y 7.7 |nz| +3,c 1, 1.1 2 |n 7|
By iterating the previous procedure, and noting that

. Zre'rzuero[” |=Foes Il 21 Xsecsn,l=Ini,
¢ TrerMP=YroxLr+1=g,
hd M(;)'*'M?)-:—MT:LT'*’ 1,

we obtain in the end

sup |7 4] <217 e~ MGy~ 1Ty

ke 2,

x Z H y—hrLTe—Z“DT“’foMr)'—hT/r (A210)
{hs} TeT

where Fi=F,3,.,e *"*and My =Y 7.1 M1
The r.hs. of (A2.10) can be further bounded by

(1) neglecting the ordering relation between the frequency labels, and

(2) taking into account only the fact that, if a cluster T has depth
Dy, then hy < — D,+2. We get

sup [ (k)| e~ MGE~ 1 FY 4|7

ke,

Sl I e T
T TeTlhy< —-Dr+2
(A2.11)



Electrons in a Lattice with an Incommensurate Potential 697

where Y * is the sum over all the possible choices of arrangements of the
clusters over a chain of g vertices, which is bounded by 4%. Hence we have

sup |# P(k; k + 2np)]

ke,

Se“‘fm lnlgg- 1(4F1)q Mlq

s [ew 11| £ e rsenm] o)
T

TeThr=Dy—2

Suppose now y so large that $=y'7/2>1, and note that, YN >0,
3Cy>0 such that

L S
1+, Y

—2-%C¢Ey"

e (A2.13)

(one can take Cy =1+ N!). Choose N so that 5 >2p; then, since M, > 1,

e o)

Y Ty RCaT)Mr

re=D;-2

= Cny’ >M oar
< <y(Cy2 2.14
¢ <,=Z‘/':T_2 14+(27*C.EHY (2y) TSHC,y N"r (A2.14)

where C,=8C,/(274C, &)V, Since Y or My<2g, (A2.12) and (A2.14)
yield (2.25) for some constant B,. |

A23. Proof of Lemma 2. 1If there are resonances, the proof in
Sec. A2.2 does not apply, as (A2.6) and (A2.8) do not hold for resonances,
and we have to carefully analyze the effect of the renormalization proce-
dure described in Sec. 3. In particular we shall need the bound (3.44),
which depend on the hypothesis (3.41). However, to check the validity of -
(3.41), we need a bound on the effective potential; hence the proof will be
inductive. We shall suppose that ¢,, #0, A< —1 and that, if A+ 1 <4 <0,

low—Apn | <4147 e™™7, vy |<By Al (A215)

and we shall prove that it is possible to choose 4 and B; so that (A2.15)
is true also for 4’ = h, together with the bound (3.50) on the effective poten-
tial. The proof of Lemma 2 will follow from the remark that (A2.15) is
verified for A= —1, by (3.5), if 4 = 4,.

Let 9,e7% , and g>1 (the case g=1 is trivial, except for the v,
vertex). Let us consider the collection V, of maximal resonances, ie.,
resonances which are not strictly contained in any other resonance. If ¥ is
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such a resonance, £, and /9, are its external lines, and k;i =k}.. Then
(recall the definition in item (5) of Sec. 2.4)

Val(‘S\,,)=< I1 F,,)( I1 } > IT (4,8, 2Z%(k,2)] (A2.16)

veSy £NnVyi= VeV,

where &, is a shorthand for £ _| ’) (k ), if £ is an internal line of $,,, g, =1
otherwise; [, v, &§,=1, 1f 3_,, itself is a resonance (so that all lines
intersect V,); F,=9y"v, if n,=0, F,= A, otherwise. Finally the resonance
value £%/(k)s) is given by

5’3(k;;)=< I1 g,) IT [&8.:22%Kk,.)] (A217)

feVitnVi=& V'eVinV

where V, is the collection of resonances which are strictly contained inside
some resonance in V., and which are maximal, and V, n V' is the subset
of resonances in V, which are contained in V. Note that (A2.17) extends
(3.47) to the case in which V contains other resonances.

We can write 227/(k)0) as in (3.48), that is

! d
RZYis) =2k - 2U0) = [ dr| S 2Ly | (A218)

Note that = ’,’,(tk’,«;/) can be written as in (A2.17), by substituting the
momentum k; of any line with ¢k} +q,, for suitable values of q,. There-
fore the r.hs. of (A2.18) can be written as a sum of terms of the form
(A2.17) with a derivative d/dr acting either

(1) on one of the propagators corresponding to a line outside V,, or
(2) on one of the ="~

In case (2), we write

d d__
a RE (1K) +‘I/7/)=3;["-"I:/‘7(tk/,,+‘h,/ E4(0)]

d _
= Sk +as) (A2.19)

so that, if the derivative corresponding to a resonance V acts on the value
of some resonance V' < V, one can replace with 1 the # operator corre-
sponding to V",

We can now iterate this procedure, by applying to £/ (¢k’. o +q,9,) the
Eq. (A2.17), with V, (the family of resonances which are strlctly contained
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inside some resonance belonging to V, in place of V,), and so on. At the
end the rhs. of (A2.18) can be written as a sum of g, —1 terms, if ¢,
denotes the number of vertices contained in ¥, which can be described in
the following way.

(1) There is one term for each line leV:

(2) if £eT,, where T is a cluster contained in ¥ (see item (1) in Sec.
2.4 and note that Tcanbe equalto V), and T=T" TV V... cTV =V
is the chain of r clusters containing 7" and contained in ¥, then the graph
value can be computed by replacing with 1 the & operator acting on T,
i=1,.,r, evenif T is a resonance, because of the comments after (A2.19);

(3) the Z operation acts on all other resonances contained in V;

(4) the derivative d/dt acts on the propagator of /, whose momentum
is of the form tkj. +4q,.

A similar decomposition of the resonance value is now applied, for
each term of the previous sum, to all resonant clusters, which are still affec-
ted by the # operation. This procedure is iterated, until no # operation is
explicitly present; it is easy to see that we end with an expression of the
form

Val(.9,)=ZJdtl---dt:< 11 F,,) M [ TI (d:n>d’ g*,] (A2.20)

ved, TeTLleTy

where the sum is over all possible choices of s, {d,} and {i(¢)}, which
satisfy the following conditions:

(1) d,isequalto0Oorl;

(2) if d,=0, i(¢) is arbitrarily defined, otherwise i(£) e {1,..,s} and
)+, f ¢ £

(3) the number of lines for which d,=1 is equal to the number of
interpolating parameters s;

(4) for each derived line ¢ there is a chain of r clusters
T=T"<T" D...cTH=V, such that /e T, and V is a resonance;

(5) no cluster can belong to more than one chain of clusters;
(6) each resonance belongs to one of the chains of clusters;

(7) the momentum of the derived line is of the form ¢,,,k’' + ¢, with
1k’ Saoy"’e", (in general k’ is not k',ov , but it can depend also on the inter-
polation parameters corresponding to resonances containing V, if any),
where £, is the external scale of ¥, that is the scale of the smallest cluster
containing it.
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The item (7) above implies that, for each derived line, by (3.44),

h‘;/— hy

y = (A221)

<ayG,y

l dti(/) 8«

Note that
h‘;,—h/== Z [h;m—hri)] (A222)
i=1

hence the “gain” " ~’*in the bound (A2.21), with respect to the bound of
a non derived propagator, can be divided between the clusters of the chain
associated to the derived line ¢, so that each cluster has a factor
y*7"=#" < 1 associated with it; in particular we have a factor of this type
associated with each resonance, for each term in the sum of (A2.20). Since
the number of terms in this sum is bounded by 27~ ! we can write, if we
denote by V the family of resonant clusters,

IVal(3,)] <29~ T] || [T (Gsy=™nr [T #%'  (A223)

vedqy TeT TeV

where G; =max{G, a,G,}.
We shall now consider, as in the proof of Lemma 1, a minimal cluster
TeJ,(3,) with h-<0 and note that

TT IF.] < [va pT1M5 (14 Fo) ™7 T e~ (A2.24)
veT veT

where M{? is the number of resonant vertices contained in T and M2 is
the number of non resonant vertices, so that M, =MP =MD + MY =
L.+ 1. If we now recall that ny=Y .77, + /e (@} —w2) m/2 and we
use (A2.6) for non resonant vertices, we get

=2} -3 —3x ) —hrit
H e—¢|nv1<C12u‘T +LT<H e—(3€/4)ln,,])e—2 < InTip—2 EKTF Cry =i (A2.25)
veT veT

Hence, if |v,| < B5 |4], by (A2.24) and (A2.25) we have

(H va]> (Gyy "M T < (|4 C;)MT(H P |,,L.;)

ved veT

x =27 | Ly —hrg=2%Cy (A2 26)

Whel'e C2=maX{B3, G3, 62, Fo}.
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Next we consider a cluster T'e 7,(34); by using (A2.6) for non reso-
nant vertices and (A2.8) for non resonant clusters, whose number wiil be
called M), we get

(I e en)( T 17,1} G

Fer veTo

< MIM‘TZ’ C‘;MT( ] e~ m\)

veTy

x @~ 2% Inr! y—hTM‘;’yhr[y—hTe-z-4§C.y-hr/f]MT (A2.27)

where M) =M — M'D is the number of resonant clusters strictly con-
tained in T and M =MD + MP.

We iterate the previous procedure, as in the proof of Lemma 1, and we
get

[Val(9.5)| < (2 |A)* C3H7e e ( [T 7 ‘"”') ~

veE Sx

X{H y-—hTM‘T')yhr[,y—h're—2_‘§C|Y_hT/t]MT} H yh‘-}—hr (A228)

TeT TeVY

where V is the family of all resonant clusters strictly contained in 9.
Note that

TeT TeV, T#34 TeV, T#39,4

hence (A2.28) can be written also as

|Val(‘9,,)[ < yhsd(z Ml)q C;Mre—(é/Z) In] < H [e] ~(§/4) lnul>

veIp

X { H [y—hre_2—45(“y—/:r/t]1\7l-r} (A2.30)

TeT

In order to bound W), ,k) we have to perform the sum of (A2.30)
over the n,, w’ and A, labels. The sum over n, is trivial, as well as the sum
over hr, for the clusters with A, #0. The sum over &, would give some
bad factor, when A7,=0, but it turns out that there is indeed no sum in
this case. In fact, if all the clusters and vertices strictly contained in T are
resonant, then 7 itself must be a resonance and all its internal lines have

the same k' as the external ones, implying, by support properties of the f,,
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functions, that the frequency label of the external lines is equal to A~ 1.
Hence we can proceed as in the proof of Lemma 1 and we get

[#5), (K) <e <" Bg (A2.31)

for a suitable constant B, > B,.
We still have to check that the bound (A2.15) is satisfied also by o,
and v,. Note that, VA <0,

Sp=0,—0p, 1= Z Wg,)m,q(_mp)
= (A2.32)
V= Y= Z Wg,)o‘q(—mp)
g=2

where #° ), (—mp) and #'%),, (—mp) admit an expansion in terms of
graphs 9, differing from the corresponding expansion of #}, (—mp)

and #°, (—mp) in the following respects:

(1) the # operation on the whole graph, which is necessarily a
resonance, is substituted with the localization operation, hence in the
previous analysis 8, must not be included in the set V;

(2) the internal scale of 3, is equal to s+ 1, that is there is in the
graph at least one line of frequency A+ I;

(3) if all maximal clusters strictly contained in 3, are resonant, as
v!ell as the vertices belonging to 3,, (see item (3) in Sec. 2.4), that is if
M,,=0, then Val(3,)=0.

Item (3) follows from the support properties of the propagators, the
definition of resonance in Sec. 2.5 and from the observation that all lines
¢ € 940 would have k=0, if M,,=0, since k, =0 for the external lines.

Item (2) easily implies that the bound (A2.30) is valid also for the new
graphs, possibly with a different value of C,, even if there is no & opera-
tion on 95. Even more, items (2) and (3) together imply that bound
(A2.31) can be improved and we can write, for any N and a suitable
constant Cy, for n=0 or n=m,

lW(h)

R, n,q

(=mp)| <y™(IA] Cy)* (A2.33)

Note that item (2) alone implies the bound (A2.33) with N =1, by (A2.30),
which is sufficient for iterating the bound on v,.
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Hence, we have, for A small enough and /% <0,

lsi] < Byy" |A]2 e~ 0m2)¢ (A2.34)
Wil <y 1vhiol + By A2 (A235)

where B, is a suitable constant.

The constant B, depends in principle on the constants 4 and B,,
appearing in the inductive hypothesis (A2.15), through the constant C; in
(A2.30), defined after (A2.26). However, it is easy to prove that in fact it
can be chosen independently of 4 and B,, if 4 is small enough. The inde-
pendence of A follows from the remark that the constant C, of (A2.30) can
be made independent of the constant A4, if A is chosen so small that (3.41)
is satisfied. The independence of B, is a bit more involved. One has to
observe that thére is no graph contributing to # % (—mp), n=0,m,
(that is no second order contribution to v, and s,), containing resonant
vertices. In fact one can construct graphs of this type, but their value is
zero, since they contain necessarily a line with k), =0, whose propagator
vanishes by its support properties, (see item (2) after (A2.32)). It easily
follows that it is possible to choose B, independent of B,, if A is smail
enough.

By iterating the bound (A2.35) and using the bound (3.5) on v;, we
get, for h=h*,

-1 o0
lvhlsr"[lvoum 142y yf] <y |A|2<A0+B4 Y y") (A2.36)

j=h r=1

Moreover, the definition (3.40) of #* implies that y =" |A| < G3/(2 |@,,]).
Hence (A2.15) is satisfied also for A =h, if we choose A=A4,+

B4er=0y—r’ B3=AG3/(2'¢M‘) l

APPENDIX 3. PROOF OF THE BOUNDS (4.20) AND (4.21)

A3.1. Proof of (4.20}. By using (3.27)-(3.31), it is easy to prove
that, for any N>0, there is a constant G, such that, if 0= h>h*,
NQ,N]?O and N0+N1=N,

max{y”, |o,|}

ID§* DY g (k) < Gyy ™™
o V1 8o, N I

(A3.1)

where D, and D, denote the discrete derivative with respect to k, and &,
respectively.
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Hence, if [x,— yo] <8/2 and |x— y| < L,/2, we have

\/E N N N (h)
(—) o= yol™ x — 1™ |g#(x; ¥)|

4

|2 [e—2rfx=10 _1] ™ |L [eRrtix=x_1] Ml Mx; y)l
Xz~ Le ’ - S " - ’
- o g y
) , 1 .
_ Z e-'(wx_wy)pFL Z e—lk .(x—y)D(i)Vo Dil\’xgij’)w,(k,)l <
o 0 =+1 iﬁ ke DL g

max{y", |o,}

< CNYh(max{}’h, L'} y N 7 a2

< Cyy " (max{y", L'})
(A32)

where C,, denotes a varying constant, depending only on N, and the factor
(max{y", L='}) arises from the sum over k’ (note that the sum over k,
always gives a factor y”, since h; <h* <h). Therefore we have

Cymax{y", L™'}
1+ |x —y¥

1g™(x, )l < (A33)

and a similar bound is verified for g/<*"(x;y), if A is real. |

A3.2. Proof of (4.21}). Let 3, be one of the graphs contributing to
the kernel Kf#f’;(x; y), see (4.19) and let us consider the two vertices, v, and
v,, connected to the external lines (which are associated with the external
field).

Suppose first that neither v, nor v,, the external vertices, are contained
in any cluster, different from 3, itself. In this case, we can bound Val(3,)
as in Sec. A2.3, by taking into account that

(1) there is no factor associated to the external vertices;
(2) hg,=h+1;
(3) there are at least two lines of scale # + 1, the external propagators.

Hence we get a bound differing from (A2.30) only because the power
of [A] is ¢—2 instead of ¢ and each external propagator gives a contribu-
tion proportional to y ~#s*

IVal(Sg)l <y~h:u(2 Il|)”_2 C‘;Mre—-(é’/Z) [nl (H e~/ ‘"vl)

ved

x{ [l [)'”"a"z“‘fc"_w]MT}~ (A3.4)

TeT
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where the same notation of Sec. A2.3 is used, except for the definition of
M, which differs from the previous one, since we do not consider the
external vertices in the calculation of A7 ‘Tz’; moreover we assigned a label
n,=0 to the external vertices.

Suppose now that v, is contained in some cluster strictly contained in
8, and that the scale of the external propagator emerging from v, is h,.
In this case, there is a chain of clusters TV = T*? ... « T =9, such that
v, €T” and hpoy=h,; moreover Z=1 on T, i=1,.,r, evenif T is a
resonance.

We proceed again as in Sec. A2.3, but we have to take into account
the lack of the factor "' ~*7", which was present before, when T*” is a
resonance. Since 3, is not a resonance (by definition) and A% = hAzuen, we
loose at most a factor y"*~#7"" = y#+ 1~/ _1f we also consider the bound of
the external propagator emerging from v,, we see that the overall effect of
the vertex v, in the bound of Val(3,) is to add a factor y~#~! to the
expression in the r.h.s. of (A2.30), that is the same effect that we should get,
if the only cluster containing v, was 3.

A similar argument can be used for studying the effect of the vertex v,,.
Hence we get the bound (A3.4) for all graphs contributing to K}",(x; y).

We can now bound as in Sec. A2.3 the sum over $, in the r.hs. of
(4.19). Since the sum over Kk’ gives a factor " max{y”, L™'}, we get, for 4
sufficiently small,

KEx;DI<Bs 3 3 BYAI? e

n=1¢g=3

x max{y*, L~'} <|A| B¢ max{y", L~} (A3.5)

for suitable constants Bs and Bj.
In the same way, for any N, N,20, N=N, + N, >0, we have:

2
<%>N [xo— yol™ [x — yIM K (x5 ¥)]

[L—br1 g " 2inpy h
1 5 e mn, b kY, (W]| (A36)
n=—1L21 7P kezyp

~

We can now proceed as in Sec. A3.1, by using (A3.1); we get
Ix—y|V IKG(x; ¥)| < Cyy ™" [A] max{y”, L'} (A3.7)

a similar bound can be obtained for K=/ (x; y).

822/89/3-4-15
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A33. Limiti, B— co. Let us consider one of the finite L=L, and §
quantities appearing in the r.hs. of (4.18); if we interpret it as a Riemann
sum of the corresponding L,= = o quantity, as defined in Sec. 44, it is
easy to prove that, for any s > h*, the difference between the two quantities
can be bounded by a constant times (1/L;+ 1/8). In fact one gets essen-
tially the same bounds as in the proof of (4.20) and (4.21), up to a factor
y~#(1/L,+ 1/B), coming from the comparison of the integral and the
corresponding Riemann sum; we shall not give the details, which are
completely straightforward. It follows that

IS(x; y)— S=Px; IS CA* (YL +1/f) =50 (A38)

i -0

APPENDIX 4

Ad.l. In this section we shall discuss how the analysis of Sec. A2.3
has to be modified, if the support functions f,, do not depend on k,. As we
have discussed in Sec. 4.6, we must use now the bounds (4.46), instead of
(2.14), (3.42) and (3.43). The main difference (see (4.47)) is that the bound
(A2.21) has to be replaced by

‘ d . <a§[ | —ityko+ 7" "
dti(() oS 2 ]—iti(,)‘tyk0+yh’l2 )’h/l_iti(/)TVko+7h'|

} (A4.1)

with a; =max{a,, 1} and 7, =], t;, where the product is over all resonan-
ces strictly containing V.

In Sec. 4.6 we remarked that this bound is not good for k, large;
however this problem can be cared by using, for each resonance, the decay
of the one of the propagators external to it, if the set of such propagators
is not empty. Of course, it is not possible to use one fixed propagator for
two different resonances, hence we decide to use, for this “balance” of large
ko behaviour, only the propagator on the right of each resonance. It
follows that we can define the set of “bad” resonances as the set V of
the resonances V' with /9, =7, ,, that it the set of resonances, which have
no internal line of the graph at the right. In the evaluation of Val(9,) we
shall not use for such resonances the interpolation formula (A2.18), but we
shall simply bound [2Z%(k}:)| by 2supy.{|Z7/(k,s)|}. Note that this
implies that, in (A4.1), v, must be substituted with the product over all
interpolating parameters associated with the resonances strictly containing
¥, but not belonging to V.

It is important to note that V can contain at most two resonances and
that, if [V] =2, one of them must coincide with the whole graph. This claim
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easily follows from the remark that, if a graph 3, with external scale # con-
tains a resonance V' with /,=¢,, ,, then the internal scale of 3, must be
equal to i+ 1; hence no other cluster, except 9 itself, can contain V.

A42. In Sec. A2.3 the interpolating formula (A2.18) was used to
produce a “gain factor,” that allowed to control the sum over the scale
label of the cluster containing the resonance. The remark above implies
that the bounds (A2.31), (A2.34), (A2.35) would not have been modified,
if we did not exploit the gain factor associated with the resonances belong-
ing to V. We shall now prove that they survive also to the use of (A4.1)
instead of (3.44).

Note that, instead of (A2.23), one has

vaie <2 (11111 = 2

vely TeT
| =it rko+ 7| )
A4
X(TEI:’[\V l—itTTTk0+yhT| ( 2)

where ¢ is the interpolation parameter corresponding to the resonance T,
if TeV, while t,=1, if T is not a resonance. Note that, for TeV,
tr=1p=1.

If we recall that L= M+ M+ M —1 (see Sec. 2.4 and Sec. A2.3
for notations), we can write

- VAL B
(71]1- | —itrtrke+ "M TI;IT h

1
< .
\<71;[T l—ith'Tko+yhr|A7r+Mr”_1> (A4.3)

and we can proceed as in the proof of (A2.30); the role of (A2.29) is taken
by

(s L -
ret | —it 7T ko + YT N\ rewe | =it rtrko +9"7]

1 1
= —_— —_——————— Ad44
<Vl;[\-’ l-—ik0+y"eV|><reI\1\\‘z |—itTTTko+7hT|> ( )

By the remarks above about V, the r.hs. of (A4.4) can be bounded by
a constant times the rh.s. of (A2.29). Hence we get again the bound
(A2.30), with different values of the constants.
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